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1. INTRODUCTION
In 1968 [26], the class of 6-open subsets of a topological space was first introduced
by Velicko. This class of sets plays an important role in the study of various properties in
topological spaces. Since then many authors used this class to define new classes of sets in
topological spaces. In 1993, Raychaudhuri and Mukherjee [24] introduced and investigated a
class of sets called d-preopen.

Khalaf and Asaad [4] introduced a new concept called Ps-open sets in topological spaces.
This class of sets lies strictly between the classes of 6-open and preopen sets. Combining the
concepts of 6-preopen and Ps-open sets, a new class of sets called dPs-open sets is introduced in
this article. This class of sets lies between the classes of Ps-open and &-preopen sets.The
behaviour of dPs-open sets in various spaces such as locally indiscrete, hyperconnected,
extremally disconnected, semi-T;, s-regular spaces are discussed and various interesting results
are obtained.

2. PRELIMINARIES
Definition 2.1. A subset A of a space X is said to be

a) Preopen [19] if A< Int (CI(A))

b) Semi-open [17] if ACCI (Int(A))

C) Regular open [26] if A = Int (CI(A))

d) Clopen if A is both open and closed

e) d-open [27] if for each x € A, there exists an open set G such that xe G € IntCIG CA

f) 0-open [28] if for each x € A there exists an open set G such that x € G < CIG €A

9) d-preopen [25] if AS Int(6CI(A))

h) 0-semi-open [16] if for each x € A, there exists an semi-open set G such that xe G €

CIGESA
) semi-0-open [7] if for each x € A, there exists an semi-open set G such that xe G <
sCIGCE A
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B-open [1] if A< CI (Int (CI(A)))

n-open [10] if A is a union of 3-closed sets.

e*-open[12] if A < Cl(Int(5 — Cl(A))

d-semi-open[23] if A < CL(§ — Int(A))

a-open [20] if A € Int(Cl(Int(A)))

§-semi-6-open [29] if for each x € A, there exists a §-semiopen such that x € U € §-
scl(U)c A

d-semiregular [29] if A = § — sInt(§ — sCI(A))

“The closure and interior of A with respect to X are denoted by CI(A) and Int(A)
respectively.

The family of all preopen (resp. Semi-open, regular open, d-open, 8-open, d-preopen,
0-semiopen, [B-open, m-open, e*-open, &-semiopen, o-Open, &-semi-6-open, 6&-
semiregular open) subsets of X is denoted by PO(X) (resp. SO(X), RO(X), 60(X),
00(X), SPO(X), 6SO(X), SO0(X),O(X), n0(X),e*O(X), 6SO(X), aO(X), 3SO0O(X),
SSRO(X)

The complement of a preopen (resp. Semi-open, regular open, 6-open, 6-open, o-
preopen, 6-semiopen,semi-0-open, B-open, n-open, e*-open, 6-semiopen, a-open, &-
semi-0-open, &-semiregular open) is said to be preclosed [13] (resp. Semi-closed,
regular closed, d-closed, 0-closed, &-preclosed, 0-semiclosed, semi-6-closed,-closed,
n-closed, regular semiclosed, e*-closed, 6-semiclosed, a-closed, 6-semi-6-closed, 6-
semiregular closed).

The family of all preclosed (resp. resp. Semi-closed, regular closed, d8-closed, 6-
closed, 6-preclosed, 6-semiclosed, B-closed, n-closed, regular semiclosed, e*-closed,
6-semiclosed, o-closed, 6&-semi-0-closed, &-semiregular closed) subsets of X is
denoted by PC(X) (resp. SC(X), RC(X), d8C(X), 6C(X), 6PC(X), 6SC(X),
SOC(X),BC(X), nC(X), e*C(X), 6SC(X), aC(X), 6SOC(X), SSRC(X)).

The family of all a-open sets in a topological space (X, 1) is a topology on X finer
than T denoted by 1,

The intersection of particular class of closed sets ofXcontaining A is called the
corresponding closure of A.

The union of particular class of open sets of X contained in A is called the
corresponding interior of A.

Definition 2.2 [21].A subset A of a space X is said to be preregular if A is both preopen and

preclosed.

Definition 2.3 [3]. A space X is s-regular if for each xeX and each open set G containing X,
there exists a semi-open set H such that xe H €sCIH cG.
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Definition 2.4 [18]. A space X is called semi-T; if for each pair of distinct points x, y in X, there
exists a pair of semi-open sets, one containing x but not y and the other containing y but not x.
Theorem 2.5 [18]. A space X is semi-T; if for any point x €X, the singleton set {x} is semi-
closed.
Definition 2.6 [7]. A space (X,7) is said to be extremally disconnected if CIU €t for every U €r.
Theorem 2.7 [14]. A space X is extremally disconnected if and only if RO(X) = RC(X).
Theorem 2.8 [28]. A space X is extremally disconnected if and only if 3O(X) = 0SO(X).
Definition 2.9 [9]. A space X is said to be hyperconnected if every non-empty open subset of X
is dense.
Lemma 2.10 [8]. A space (X,1) is hyperconnected if and only ifRO(X) = {X, ¢}.
Definition 2.11 [9]. A space X is called locally indiscrete if every open subset of X is closed.
Lemma 2.12. If X is locally indiscrete space, then
a) Each semi-open subset of X is closed and
b) Each semi-closed subset of X is open.
Theorem 2.13 [3]. Let (Y,ty) be a subspace of a space (X,t). Then, the following statements are
true:

a) If A€ PO(X,1) and AC Y, then A€ PO(Y, ty).

b) If Fe SC(X,tr)and F €Y, then F € SC(Y, 1v).

¢) IfF e SC(Y,ty)and Y € SC(X,1), then F € SC(X,1).
Theorem 2.14 [25]. In a topological space (X,1), if A € 3PO(X), B € 60(X) thenA N B €
SPO(X).
Lemma 2.15. If Y is an open subspace of a space X and F € SC(X), then F N'Y € SC(Y).
Lemma 2.16 [15]. Let A be a subset of a space (X,t). Then A€ PO(X,7) if and only if sCIA =
IntCIA.
Theorem 2.17. Let A be a subset of a topological space (X,t). Then, we have:

a) If Ae SO(X), then pCIA = CIA [9].

b) If Ae BO(X), then CI;A = CIA [24].

c) If A€ BO(X), then aCIX = CIX [2].
Theorem 2.18[29]. Let A, Y be subsets of a topological space (X,t) and let AC Y € 6PO(X).
Then A € 6PO(X) if and only if A € SPO(Y).
Definition 2.19[4]. A subset A of a space X is called Ps-open if for each x €A € PO(X), there
exists a semi-closed set F such that x € F CA. The family of all Ps-open sets of a topological
space(X,t) is denoted by PsO(X,1) or PsO(X).
Lemma 2.20[6]. Let A be a subset of a topological space (X, ). Then if A is preopen in (X,1),
then it is 6-preopen in (X, 1).

19 International Journal of Engineering, Science and Mathematics
http://www.ijmra.us, Email: editorijmie@gmail.com



http://www.ijmra.us/
http://www.ijmra.us/

International Journal of Engineering, Science and Mathematics
Vol. 10 Issue 10, October 2021,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijmra.us, Email: editorijmie@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed & Listed at:
Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

Remark 2.21. From the following figure we have:
R open — 6-open

}

d-open —————> d semi-open ——p Semi-open
P

-

open d pre-open

}

preopen
Lemma 2.22. Each clopen is regular open.
Lemma 2.23[25]. Union of d-preopen sets is d-preopen.
Lemma 2.24[25]. In a topological space (X,7), if A€ 6PO(X),B € aO(X), then ANB €
SPO(X)
Lemma 2.25[4]. Every §-open set is Ps-open set.
Lemma 2.26[6]. If A is preopen then A is -preopen in (X, 7).
Lemma 2.27[29]. Let A,Y be subsets of a topological space (X,7) and let A €Y € §P0O. Then
A e §PO(X) ifand only if A € §PO(Y).
Lemma 2.28[29]. Let A,B be subsets of topological space (X,t). If A€ §SO(X) and B €
6PO(X),then An B € 6PO(A).
3. 0Ps-Open Sets

Definition 3.1. A &- preopen subset A of a space X is called a 6Ps-open set if for each x € A,
there exists a semi-closed set F such that x e FEA.

The family of all dPs-open subsets of a topological space (X, ) is denoted by 6PsO(X, 1) or
dPsO(X).
Proposition 3.2. A subset A of a space X is 6Ps-open if and only if A is a 6-preopen set and A is
a union of semi-closed sets.
Proof: From the definition 3.1, a dPs-open subset A of X is a 6 preopen subset.

For every x € A there exists a semi-closed set Fx suchthatx € F, € A

HenceA = Uyeq{x} SU F, € A, which will implyA = U,¢4 F;,a union of semi-closed sets.
Remark 3.3. A o-preopen set need not be a §Ps.open set. This can be seen from the following
example.
Example 3.4. Let X={a,b,c} withthe topology t = {X,p,{a}}. Then SPO(X) = P(X) and SC(X)
={X,9,{b},{c},{b,c}] and OJPsO(X) ={X,p,{b},{c},{b,c}}. Then {a} e SPO(X), but {a}¢&
dPsO(X).
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Remark 3.5. Union of semi-closed sets need not be a 6Ps open set.
Example 3.6. Let X = {a,b,c,d} withthe topology T = {X,p,{a},{c},{a,b},{a,c},{a,b,c}, {a,c,d}}.
Then SC(X) ={X,p,{b},{c},{d},{a,b},{b,c},{b,d},{c,d},{a,b,d},{b,c,d}} and 6PsO(X) =
{X,0,{c},{b,c},{a,b,c},{b,c,d}}. Then {b},{d} € SC(X), but their union{b,d} & 5PsO(X).
Proposition 3.7. Any union of § Ps-open sets is a § Ps.open set.
Proof: Let{A, }be a collection of § Ps;-open sets. Consider A=U 4,.
A is a o-preopen set from the Lemma 2.23.

E]For everyx € A,x € A, for some o and sinced, is a dPs-open set, there exists a semi-closed
set Fxsuchthatx e A, € F, CUA, =A~x€E€EF, CA
Thus,A is a § Ps-open set.

The following example shows that the intersection of two §Ps—open sets need not be
6 Ps-open set in general.
Example 3.8. Let X = (0,1). If A is the set of rational numbers in X and B is the set of irrational

numbers in X together with the singleton set {1/2}. Then A € PO(X)E]F)PO(X). Since X is a Ts-
space, every singleton set is closed and hence is semi-closed, then A € 3PsO(X) and B € PO(X)E]
SC(X)| JISPOCX)| HISC(X), then B € 8PsO(X). But An B = {1/2} & 3PsO(X).
From the above example we notice that the family of all § Ps-open sets need not be a
topology on X.
Proposition 3.9. If A and B are § Ps-open subsets of a topological space (X, 1) and if the family
of all o-preopen sets in X forms a topology on X, then AN B is a § Ps-open set and hence the
family of § Pg-open setforms a topology on X.
Definition 3.10[24]. A space (X, 1) is said to have the property P if the closure is preserved
under finite intersection or equivalently, if the closure of intersection of any two subsets equals
the intersection of their closures.
From the above definition Paul and Bhattacharyya [24] pointed out the following remark:
Remark 3.11. If a space X has the property P, then the intersection of any two preopen sets is
preopen, as a consequence of this, PO (X, 1) is a topology for X and it is finer than .
Definition 3.12. If (X, ) is said to have property P’ if the d-closure is preserved under finite
intersection or equivalently, if the d-closure of intersection of any two subsets equals the
intersection of their 6-closures.
Lemma 3.13. If a space X has the property P’, then the intersection of any two &-preopen sets is
d-preopen, as a consequence of this, 6PO(X, 1) is a topology for X and it is finer than .
Proof: Let A and B be 5-preopen subsets
~ A C Int(6ClA)and B < Int (6Cl B)
>ANB cint(6§ClA)NInt(6CLB)
CInt(6ClA n 5CLB)
C Int(6ClL(AN B)) [+ X has property P’]
= A N B is o-preopen.
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Proposition 3.14. If (X,t) possesses property P’ mentioned in definition 3.12, then 6PsO(X,1)
forms a topology.
Proof: By Proposition 3.7, arbitrary union of 8Ps-open sets is 6Ps-open.
Let A and B are 6Ps-open sets, Then A and B are 8-preopen and AN B is 8-preopen from Lemma
3.13.

For each x € A N B there exist semi closed sets Fa& Fg such that

X€EF,CAandx € FR € B

=x € ;,NF CANB=x€F < An B, where Fissemi-closed. [put F = F; N Fg]

Hence AN B € §P;0(X). - A N B is 6PsO (X,1) forms a topology.
[ﬁSPSO (X, ts) forms a topology.
Proposition 3.15. A subset A of a space (X, 1) is 6 Ps-open if and only if for each x € A, there
exists an § Ps-open set B such that x € B € A.
Proof: If A is an § Pg-open subset in the space (X, 1), then for each x € A, putting A = B, which
is 8 Ps-open containing x such that x € B € A. Conversely. Suppose that for each x € A, there
exists a 6 Ps-open set B such that x € B € A. So, A = UBy where By € 6PsO(X) for each v.
Therefore, by Proposition 3.7, A is § Ps-open.
Proposition 3.16. Let X be a topological space, and A, B € X. If A € 6PsO(X) and B is both a-
open and semi-closed, then A N B € 6PsO(X).
Proof: Let A € 6P;0(X) and B be a-open, then A is §Ps-open by definition 3.1. Then by
Lemma2.24[29] AN B € §PO(X). Now let x € A and there exists a s-closed set F such that
x € F € A. Since B iss-closed, F n B is sclosed and hencex e FNB € AN B.
Thus A N B is § Ps-open in X.
Proposition 3.17. If a space X is semi-Ty, then6P;0(X) = SPO(X).
Proof: LetAC X andA € 6PO(X). If A = ¢, then A€ §Ps0(X). If A+ ¢, then for each X € A,
by Theorem 2.5. {x} is semi-closed set, since X is semi-T;
Now x € {x}<A.ThereforeA € 6PsO(X) by Proposition 3.2. Hence 6PO(X) € dPsO(X).
But 6PsO(X)S38PO(X) in general, by Proposition 3.2. Therefore, 6PsO(X) = 6PO(X).
Proposition 3.18. Every regular open set is § Ps-open set (ie)RO(X) € 6 Ps0(X).
Proof: Let A be regular open by aTheorem 3.2[11],A is semiclosed and preopen.
Now A is preopen=A is d-preopen [By Remark 2.21]
A is semiclosed = for each x € A there exists the semi-closed set A itself, such thatx e A € A
Hence A isin6P;0(X).

~ RO(X) € 6P;0(X)

The converse of Proposition 3.18 is not true in6 Ps 0 (X).
Example 3.19. Let X = {a,b,c}, 1= {X, 9, {a}}. Then {b} ¢ SP;0(X) but {b}I:I’RO(X)
Proposition 3.20.Every Ps-open set is a § Ps-open set.
Proof: Let A be a Ps-open set, By Lemma-2.20, A is preopen. — (1)
Moreover since A is Ps-open, we get, for each X € A there exists a semi-closed set F such that
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xXeEFCcA — (2

From (1) & (2) we get, A is § Ps-open.

Proposition 3.21. Each clopen set is § Pg-open.

Proof: The proof follows from Lemma 2.22 and Proposition 3.18.

Proposition 3.22: A 3-open set is a § Pg-open set.

Proof: From Theorem 2.8[4], A 8-0pen set is Ps-open set.

Now by above property, a Ps-open set is a § Ps-open set. Now by Proposition 3.20, a Ps-open set
is 6 Ps-open set.

Hence a 6-open set is § Ps-open set.

Proposition 3.23. Each 6-open set is § Ps-open set.

Proof: Every 0-open is regular open from Remark 2.21. Every regular open is §Ps-open by
Proposition 3.18. Hence every 6-open set is § Ps-open set.

Note 3.24. a-open need not be & Ps -open set.

Consider example 3.4, {a} is a-open but not § P;-open set.

Remarka3.25. From all the above Propositions we have the following figure:

s-0pen

T~

0-open —»  Jd-open —>»  Psopen —» Preopen —> §-preopen

Remark 3.26. § Ps-open sets are independent with open sets.

Example 3.27. Consider X={a,b,c} with the topologyr = {X, ¢, {a}}. Then {a} is open but not
S Ps-open and {c} is § Ps-open but not open.

Lemma 3.28. In a hyperconnected space,

a) 50(X) ={X, ¢}

b) dPO(X) =P(X)

Proof: (a) Let (X,t) be hyperconnected. Then for Ge 1, CIG=X — (1)

IfA+ ¢ and A € 30(X), for all x € A, there exists an open set G such that x e G < Int Cl G = Int
X = XSA[FA =X. = 0(X) = {X, ¢}

(b) For any subset A, AcX =Int X =1Int (6C1 A) [~ §C(A) = {X, ¢}]

D}A is d-preopen. |:|‘§PO(X) =P (X), the power set of X

Proposition 3.29.In a hyperconnected space,SC(X) € §P;0(X)

Proof: LetX be hyperconnected. Then by lemma 3.28(ii) any subset is 6-preopen.

Let A € SC(X). Now A is 8-preopen and semi-closed. HenceA € 6PsO(X).

Theorem 3.30. If6P;0(X) = {X, ¢} then (X, 1) is hyperconnected.

Proof: Suppose that§Ps0(X) = {X, ¢}. SinceRO(X) € §Ps0(X)by Proposition 3.18, then
RO(X) = {X, ¢}. By Lemma 2.10, we have (X, 1) is a hyperconnected space.
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The converse is not true in general it can be seen from the following example.
Example 3.31. Let X ={a,b,c}, ={X,p,{a}}. Then (X, 1) is hyperconnected, since Cl{a}=X
leading to RO(X,1)={X,p}. But6Ps0(X) = {X, ¢, {b}, {c}, {b, c}} # {X, ¢}.

Remark 3.32. It is to be noted that in the case of Ps-open sets, (X, 1) is hyperconnected if
and only if Ps0(X) = {X, ¢} which is not true in the case of §P¢-open sets.

Theorem 3.33. In a locally indiscrete space,6 Ps0(X) = t.
Proof: Let (X, 1) be a locally indiscrete space. LetU € X, such that U € 1. By definition 2.11 of
locally indiscrete space every open set in X is closed, then IntCIU=U which implies that U €
RO(X).By Proposition 3.18, U € 6PsO(X). Thus t € § ;0 (X)
Conversely, take V € 6PsO(X). Then V is d-preopen and for each x € V and there exists a closed
set F such thatx € F € V. By lemma 2.11, F is open making V open. Thus§P;0(X) < .
Proposition 3.34. In a locally indiscrete space, SC(X) € 6Ps0(X).
Proof: The proof is similar to that of Proposition 3.29.
Corollary 3.35. In a locally indiscrete space, a singleton {x} is semi-closed if and only if
{x} € 6P;0(X).
Proof: If {x] is semi-closed then by Proposition 3.34, {x} €5 P;0(X)
Conversely, if {x} e6P;0(X), there exists a semi-closed set F such that which
implies {x}=F. Hence {x} is semi-closed. Thus {x} € SC(X).
Proposition 3.36.1f A € BO(X)NPsO(X), then A€ P;0(X)
Proof. LetA € BO(X)NPsO(X). Then d-preopen sets are the same as preopen sets from Theorem
2.17(b). Then §Ps-open sets are identical with Ps-open sets. Hence A € 6PsO(X)
Proposition 3.37. If a topological space (X, 1) is s-regular, then 1< dPsO(X).
Proof: Let AcX and A e t.
If A = ¢, thenA€ §P;0(X)
IfA # @,since X is s-regular, then by definition 2.3 for each x € A, there exists U € SO(X) such
that x e USsCl UCA. Thus, we have x € sSCl UCA. Since A € t, we get AEPO(X) which implies
A € 5PO(X).
Moreover for all x € A there exist a s-closed set sclU such that x € scl U < A.
Hence A € 6PsO(X). Thus 1€ 6PsO(X)
Proposition 3.38. For any topological space (X,t), we have:

a) Ift (resp., 6PO(X)) is indiscrete, then 6PsO(X) is also indiscrete.

b) IfdPsO(X) is discrete, then SPO(X) is discrete.
Proof:case-(i) Let T be indiscrete then t = {X,p}, since 3O(X)St ,we getd0(X) = {X, ¢} and
SO0(X) = {X, ¢}.Hence if A is 6-preopen and for each xeA there is no semiclosed set except X
containing x and contained in A. HencedPs0(X) = {X, ¢} = 6P;0(X) is indiscrete.
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case (ii) Even if6PO(X) is indiscrete, then the result follows as in case — i, since
SPs0(X) S3PO(X)
(b)Follows from the fact that 5PsO(X) S6PO(X)

Note 3.39. In the case of Ps-open sets, T is discrete if and only if PsO(X) is discrete. But in
the case of dPs-open sets, this property fails since T and 8PsO(X) are independent.

Proposition 3.40. Let (X, 1) be a space and x € X. Then
a) If{x} € 6§Ps0(X), then{x} € SC(X).
b) {x} € §P;0(X) if and only if{x} € RO(X).
Proof.(a) Let {x} € 6PsO(X). Then there exists a sclosed set F such thatx € F € {x},= {x} is
semi-closed. Then {x} € SC(X).
(b) Let{x} € 6P;0(X) = {x} is semi-closed by(i).(i.e.,)IntCl{x} < {x} = {x} is clopen
= {x} € RO(X).
Converse part is proved in Theorem 3.18.
Corollary 3.41. For any subset AC X. The following conditions are equivalent:
a) As clopen.
b) A is 6-open and §-closed.
c) Ais Ps-open and §-closed.
d) A s a-open and §-closed.
e) A is dPs-open and 6-closed.
f) A is d-preopen and 6-closed
Proof. (a) = (b) By Lemma 2.7[5]
(b) = (c) By Lemma 2.25
(¢) = (d) From (c) we get A is Ps-open and 8-closed. Now byCorollary 2.16[4]

A is a-open
= (€) = (d)
(d) = (e) From (d) A is a-open = A is 6-preopen——— s (1)
A is 8-closed = A is semi-closed. —2)
(1) &(2) = A is 6Ps-open.
= (d) = (e)
(e) = (f) A is 6Ps-open =3d-preopen by definition 3.1
~(e)=(f)

(f) = (a) Now A is o-preopen = A € int(6clA)
But A is 6-closed also «. A € int A = A is open and
MoreoverA is §-closed= A is closed

Hence A is clopen.
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~(f) = (a)
Corollary 3.42. For asemi-regular space, the following conditions are equivalent:
a) Aisregular open.
b) A is Ps-open and semiclosed.
c) A isopen and semiclosed.
d) A is a-open and semiclosed.
e) Ais 6 Ps-open and semiclosed.
f) A is 6-preopen and semiclosed.
Proof. In a semi-regular space, 6-closed sets coincide with closed sets. So SPO(X)=PO(X)
andéP;0(X) = Ps0(X).
Hence the result follows from Corollary 2.17[4].
Corollary3.43. For any topological space, the following statements are equivalent:
a) A is regular open.
b) A is 6-open and 3-Semiregular.
C) A is 3-open and 3-semi-0-closed.
d) A is 6-open and d-semiclosed.
e) A is a-open and 6-semiclosed
f) A is § Ps-open and 6-semiclosed.
Q) A is d-preopen and 5-semiclosed.
h) A is a-preopen and e*closed.
Proof. Theproof follow from Theorem 7.15[29] anf from Corollary3.42
Proposition 3.44:For any space(X, 1), 6P;0(X,1) = Ps0(X, T5)
Proof: By Lemma 2.24, A € §PO(X,7) © A € PO(X, 14)
Proposition 3.45. For any topological space,if A € 3PO(X) and either A € nO(X)U SO0O(X), then
A € 5PsO(X).
Proof: Let A e nO(X) and A € SPO(X). If A = ¢, then A € PsO(X). IfA # ¢,Since A € nO(X),
then A =U F,, whereF, € §C(X), for each a. SincedC(X) < SC(X), then F, € SC(X), for each a.
Since A € dPO(X). Then by Proposition 3.2, A € §Ps0(X). Suppose that A € SOO(X) and A
edPO(X). If X = o, then A € dPsO(X). IfA# ¢, Since A € SOO(X), then for each x € A, there
exists U € SO(X) such thatx € U € sCIU < Aimplies thatx € sClU € Aand A € SPO(X).
Therefore, by Definition 3.1, A € 6PsO(X).
Corollary 3.46. For any subset A of a space X. If A€ 0SO(X) NSPO(X), then A€SPsO(X).
Proof. Follows from the Proposition 3.45, and the fact that 6SO(X) c SOO(X) or 6SO(X) c
nO(X) [10].
Proposition 3.47. Let (X,t) be any extremally disconnected space. If A € 6SO(X), then A €
dPsO(X).
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Proof. Let A € 8SO(X). If A = ¢, then A € dPsO(X). If A # ¢. Since X is extremally
disconnected, then by Theorem 2.8, 6SO(X) = 80(X). Hence A € 60(X). But 60(X)ZSdPsO(X)
by Proposition 3.22. Therefore, A € 3PsO(X).

4.Subspace Properties in 6Ps— Open Sets in Topological Spaces
Proposition4.1. Let (Y, ty) be a subspace of a space (X, 7). If A € 6PsO(X, 1) and A €Y 3
YeSPO(X), then A € dPsO(Y, tv).
Proof. Let A € 6PsO(X, 1), then A € 6PO(X, 1) and for each x € A, there exists F € SC(X, 1) such
that x € F CA. Since A € 5PO(X,t) and A € Y3 YeSPO(X)
Then by Lemma 2.27, A € 6PO(Y, ty). Since F € SC(X,t) and F € Y. Then by Theorem-2.13(b),
F € SC(Y, tv). Hence A € 6PsO(Y,ty).
Proposition4.2. Let (Y,ty) be a subspace of a space (X,1). If A € dPsO(Y, tv) and Y € RO(X, 1),
then A € 6PsO(X, 1).
Proof. Let A € 6PsO(Y,ty), then A € 6PO(Y,ty) and for each x € A, there exists F € SC(Y,ty)
such that x € F € A. Since Y € RO(X,1), then Y € 3PO(X,t) and since A € 6PO(Y,ty), then by
Theorem2.18, A € SPO(X,1).
Again since Ye RO(X,1), then Y € SC(X,1) and since F € SC(Y, tv), by Theorem 2.13(c), F €
SC(X,1). Hence, A € 6PsO(X,1).
Corollary4.3. Let Y be a regular open subspace of a space X and let A be a subset of Y. Then A
€ 6PsO(Y) if and only if A € PsO(X).
Proof. Follows directly from Proposition4.1 and Proposition4.2.
Proposition4.4. Let A and B be any subsets of a space X. If A € 6PsO(X) and B € RO(X), then
ANB € 6PsO(X).
Proof: Let A € 6PsO(X) and then A € 6PO(X) and A = UFa where F, € SC(X) for each a,by
Proposition 3.2, Then A N B = (UFa) N B = U (Fa N B). Since B € RO(X), B is 3-open and since
A € §PO(X)by Theorem 2.14, A N B € 6PO(X)= A N B € §PO(B).Again since B ¢ RO(X), Bis
open and Hence by Lemma 2.15 Fa N B € SC(B) for each a. ThusA N B € PsO(B).
Proposition4.5. Let A and B be any subsets of a space X. If A € dPsO(X) and B € RSO(X), then
A N B e dPsO(B).
Proof. Let A € dPsO(X), then A € 6PO(X) and A = UFa where Fa € SC(X) for each a by
Proposition 3.2. Then A N B = (UFa) N B = U (Fa N B). Since B € RSO(X), then B € 6SO(X)
and by Lemma 2.28, A N B € 6PO(B).Again since B € RSO(X), then B € SC(X) and hence Fa N
B € SC(X) for each a. Since Fa N BEB and Fa N B € SC(X) for each a. Then by Theorem 2.13
(b), Fa N B € SC(B). Therefore, by Proposition 3.2, A N B € 6PsO(B).
Proposition4.6. If A € 6PsO(X) and B is an d-open subspace of a space X, then A N B €
oPsO(B).
Proof. Let A € 0PsO(X), then A € 6PO(X) and A = UFa where Fa € SC(X) for each a by
Proposition 3.2. Then A N B = UFa N B = U(Fa N B). Since B is an 6-open subspace of X, and
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by lemma 2.13, A N B € 8PO(X).Again since B is 3-open then B is open. Then by Lemma 2.15,
Fa N B € SC(B) for each a. Then by Proposition 3.2, A N B € 6PsO(B).

Corollary4.7. If either B € RSO(X) or B is an &-open subspace of a space X and A € 6PsO(X),
then A N B € dPsO(B).

Proof. Follows directly from Proposition4.5 and Proposition4.6.

Note 4.8. In the case of Ps-open sets, the above Proposition is true when B is open in X. But
with dPs-open sets, it must be modified to that B is a -open set.
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